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This paper presents a fast method of solving contact problems when one of the mating bodies contains
multiple heterogeneous inclusions, and numerical results are presented for soft or stiff inhomogeneities.
The emphasis is put on the effects of spherical inclusions on the contact pressure distribution and sub-
surface stress ﬁeld in an elastic half-space. The computing time and allocated memory are kept small,
compared to the ﬁnite element method, by the use of analytical solution to account for the presence
of inhomogeneities. Eshelby’s equivalent inclusion method is considered in the contact solver. An itera-
tive process is implemented to determine the displacements and stress ﬁelds caused by the eigenstrains
of all spherical inclusions. The proposed method can be seen as an enrichment technique for which the
effect of heterogeneous inclusions is superimposed on the homogeneous solution in the contact algo-
rithm. 3D and 2D Fast Fourier Transforms are utilized to improve the computational efﬁciency. Conﬁgu-
rations such as stringer and cluster of spherical inclusions are analyzed. The effects of Young’s modulus,
Poisson’s ratio, size and location of the inhomogeneities are also investigated. Numerical results show
that the presence of inclusions in the vicinity of the contact surface could signiﬁcantly changes the con-
tact pressure distribution. From a numerical point of view the role of Poisson’s ratio is found very impor-
tant. One of the ﬁndings is that a relatively ‘soft’ and nearly incompressible inclusion – for example a
cavity ﬁlled with a liquid – can be more detrimental for the stress state within the matrix than a very
hard inclusion with a classical Poisson’s ratio of 0.3.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The presence of voids or inclusions creates incompatibility of
deformations between the inclusions and the surrounding matrix,
which creates initial stresses and modiﬁes the stress ﬁeld during
loading. It is well known that, for a contact problem, hard inclu-
sions act as stress raisers and damage initiation sites (Voskamp,
1985; Nélias et al., 1999), reducing the service life of the compo-
nent. Usually this problem is treated numerically. However most
of the time the contact problem is not solved explicitly and a
Hertzian pressure distribution is assumed (Kabo and Ekberg,
2002, 2005; Courbon et al., 2005) instead.
The problem of the inclusion in an inﬁnite matrix has been
investigated by many (hundreds of) researchers following the pio-
neering work of Edward (1951), Eshelby (1957, 1959, 1961), Willis
(1964), Walpole (1967), Asaro and Barnett (1975) and Mura and
Furuhashi (1984). Early work by Eshelby (1957, 1959, 1961) initi-
ated a versatile and powerful method dealing with the perturba-
tion of an uniform ﬁeld by an ellipsoidal inhomogeneity, and
shows that an ellipsoidal heterogeneous inclusion with uniform
eigenstrain induces a constant stress state within the inclusion.ll rights reserved.
x: +33 4 72 43 89 13.
as).In the terminology of Eshelby, an ‘inclusion’ is a region in an elastic
medium which has the same elastic properties as the matrix, but
which is subjected to either elastic or inelastic strains, also called
‘eigenstrains’. On the other hand, an inhomogeneity is a region
with properties distinct from those of the surrounding material
and subjected to an applied stress. Hence, a ‘heterogeneous inclu-
sion’ also simply denoted ‘inclusion’ could be referred to as ‘inho-
mogeneity’ in the sense of Eshelby.
A high number of inclusion problems has been solved since the
pioneering work of Eshelby, as pointed out by the extensive re-
views of Mura (1987, 1988). The elastic solution for an inclusion
with uniform eigenstrains near the free surface of a semi-inﬁnite
solid has been obtained for a spherical inclusion with hydrostatic
eigenstrain (Mindlin and Cheng, 1950), a spherical inclusion with
arbitrary eigenstrains (Aderogba, 1976), a cuboidal inclusion with
incompressible eigenstrains (Chiu, 1977, 1978), and an ellipsoidal
inclusion with pure dilatational eigenstrain (Seo and Mura, 1970).
However, many results at present are not expressed explicitly
but are obtained numerically. Miller and Keer (1993) presented a
two-dimensional contact stress analysis with a rigid indenter slid-
ing with friction on a half-space containing a near-surface circular
inclusion. This problem is analyzed numerically by using complex
variable formulation of Muskhelishivii. Kuo (2007, 2008) studied
the effects of multiple spherical or ellipsoidal inclusions on the
Nomenclature
Letters
a contact radius for contact problem
a or r inclusion radius
Bijkl inﬂuence coefﬁcients that relate the stress rij at point
(x1,x2,x3) to the constant eigenstrain at the point
xk1; x
k
2; x
k
3
 
Cmijkl;C
i
ijkl elastic constants of the matrix and the inhomogeneity
Dijkl, Dijklm coefﬁcients of E

ij; E

ijk, etc. in the strain ﬁeld due to the
eigenstrain
eij uniform dilatation eigenstrains
Em, Ei Young’s modulus of the matrix m and the inhomogene-
ity i
Eijk terms in the decomposition of the eigenstrain eij in
Taylor series
Kn coefﬁcients in the normal displacement at the contact
surface due to contact pressure
Mij inﬂuence coefﬁcients that relate the stress rij at point
(x1,x2,x3) to the normal traction rn within a discretized
area centered at xk1; x
k
2;0
 
n1, n2, n3 grid number in the half-space along the Cartesian direc-
tions x1, x2, x3, respectively
P contact pressure distribution
P0 maximum Hertzian pressure
R indenter radius
Sijkl components of the Eshelby’s tensor
T temperature
xI ¼ xI1; xI2; xI3
 
Cartesian coordinates of the inclusion center
xk ¼ xk1; xk2; xk3
 
Cartesian coordinates of kth inclusion center
Greek letters
e1ij inﬁnite applied strain
eij eigenstrain due to the presence of inhomogeneties
eij strain due to eigenstrain eij
rij total stress due to eigenstrains
/, w harmonic and biharmonic potentials of mass density eij
/ij. . ., wij. . . harmonic and biharmonic potentials of mass density
xixj. . .
dij Kronecker symbol
Xi ith inclusion domain
ekij strain due to eigenstrain e

ij of the kth inclusion
rn normal pressure due to the summation of both symmet-
ric inclusions
Dx1, Dx2 half size of discretized surface area
a thermal expansion coefﬁcient
m Poisson’s ratio of the half-space
mm, mi Poisson’s ratio of the matrix m and the inhomogeneity i
c Young’s modulus ratio
sm maximum shear stress
Acronyms and fast Fourier transforms
2D-FFT two-dimensional fast Fourier transform
3D-FFT three-dimensional fast Fourier transform
FFT1 inverse FFT operationbBijkl frequency response of coefﬁcients Bijkl in the frequency
domainbMij frequency response of coefﬁcients Mij in the frequency
domain
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This two-dimensional contact stress analysis used a boundary
element method, where the results are obtained by solving a set
of integral equations numerically.
Chiu (1977, 1978) has solved the stress ﬁeld due to uniform
eigenstrains in a cuboidal inclusion surrounded by an inﬁnite elas-
tic space and a half-space, respectively, but most of the works by
other authors have been done for ellipsoidal inclusions.
The purpose of this paper is to propose a comprehensive
method for solving contact problems in the presence of subsur-
face inhomogeneities such as voids or cavities, inclusions, or ﬁb-
bers. The proposed method is based on the use of fully analytical
solutions available in the literature for simple shapes (sphere, cyl-
inder, cuboid, etc.). However, it should be noted that the proce-
dure could be easily extended to more complicated or general
geometries without additional difﬁculty, except that it will re-
quire the determination of the Green’s function numerically. It
should be noted that the procedure could be easily extended to
more complicated or general geometries without additional difﬁ-
culty, except that it will require the determination of the Green’s
function numerically. It should also be mentioned that the princi-
ple of this method, which was previously and successfully em-
ployed for elasto-plastic contact problems with a plastic zone
discretized into small cuboids (Jacq et al., 2002), is very close to
the enrichment techniques. The enrichment technique, used else-
where for example in the Extended Finite Element Method (X-
FEM), consists of superimposing a numerical or analytical ﬁeld
at some points of a mesh into a numerical scheme, independently
of the initial mesh. The capabilities of the proposed technique are
illustrated here by the analysis of the effects of multiple hetero-
geneous and spherical inclusions on the contact pressure distribu-
tion and subsurface stress ﬁeld for a frictionless circular point
contact.It is worth noting that the distribution of the Hertz contact pres-
sure may be affected by the presence of inclusions near the contact
surface. When multiple inclusions exist and interact within the
material, the strain and stress ﬁelds becomeevenmore complicated.
Furthermore, the constrained strain in an inhomogeneity is non uni-
form due to the presence of the contact interface. Moschovidis and
Mura (1975) and Mura (1987) described a method that uses a qua-
dratic development of the strain ﬁeld around the centre of each
inclusion. However, the applied strain will be treated as uniform
in this paper. To investigate the effects of interacting inhomogenei-
ties with uniform eigenstrains on the strain ﬁeld, a three-dimen-
sional contact analysis is presented for a spherical tip indenting an
elastic half-space containing multiple inhomogeneities.
2. Equivalent inclusion method
In the earliest formulation of Eshelby the strain ﬁeld at inﬁnity
(or the strain ﬁeld in the matrix without the heterogeneous inclu-
sion) is uniform. For a contact problem where strong gradients are
present it usually means that the size of the inhomogeneity is
small compared to the contact dimensions. For inhomogeneity of
larger size it is, however, possible to discretize it in several smaller
elements so that the size of each of them remains small in compar-
ison to the contact dimensions. For the notation in what follows,
subscripts ði; j; k; lÞ range over 1, 2, 3, and the index summation
convention holds.
2.1. Eshelby solution
A matrix D having stiffness tensor CMijkl is submitted to a uniform
applied strain e1ij . The stress rij is obtained by the Hooke’s law due
to the hypothesis of linear isotropic elasticity:
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The presence of a heterogeneous inclusion of stiffness tensor
CIijkl – C
M
ijkl induces a strain eij. The stress rij is related by:
In the inclusion X; rijkl ¼ CIijkl e1kl þ ekl
 
; ð2Þ
In the matrix D; rijkl ¼ CMijkl e1kl þ ekl
 
: ð3Þ
According to Eshelby, an ellipsoidal inhomogeneity can be replaced
by an equivalent inclusion which has the same elastic properties
CMijkl, but which is subject to an additional imaginary strain or ‘eigen-
strain’ eij such that:
rij ¼ CIijkl e1kl þ ekl
  ¼ CMijkl e1kl þ ekl  ekl ; in X: ð4Þ
Eq. (4) is necessary and sufﬁcient for equivalency of the inhomoge-
neity and the inclusion problems. The ‘‘equivalent inclusion” meth-
od requires to determine the eigenstrain eij which is related to
compatibility strain eij by:
eij ¼ Sijkl  ekl; ð5Þ
where Sijkl is the Eshelby’s tensor which will be discussed in greater
details in Section 2.2.
Thus Eqs. (4) and (5) allow us to determine the strain eij and eij
inside the inclusion. Mura (1987) describes the expression of the
Green’s functions that allow to calculate eij and rij outside the
inclusion in a half-space.
2.2. Determination of compatibility strain
There is no general analytical solution when several inhomoge-
neities are randomly distributed in an inﬁnite matrix. The Eshelby
solution (Eshelby, 1957, 1959) is an exact one for a single ellipsoi-
dal inclusion in an inﬁnite matrix. However it is possible to study
the effect of each of them and then superimpose the solutions.
Moschovidis and Mura (1975) proposed to develop the eigenstrain
eij as a Taylor series:
eijðxÞ ¼ Eij þ Eijkxk þ Eijkl  xk  xl þ    ð6Þ
The compatibility strain eij now emerges from a complex function
DijklðxÞ:
eijðxÞ ¼ DijklðxÞEkl þ DijklqðxÞEklq þ DijklqrðxÞEklqr þ    ð7Þ
The function Dijkl(x) is derived from harmonic /ij (x) and biharmonic
wij(x) potentials deﬁned as follow:
wðxÞ ¼
Z Z
X
Z
jx x0jdx0;
wij...kðxÞ ¼
Z Z
X
Z
x0ix
0
j . . . x
0
kjx x0jdx0;
/ðxÞ ¼
Z Z
X
Z
dx0
jx x0j ;
/ij...kðxÞ ¼
Z Z
X
Z x0ix0j . . . x0kdx0
jx x0j :
ð8Þ
In the current instance, only the ﬁrst term of Eq. (7) is considered:
eijðxÞ ¼ DijklðxÞEkl; in the matrix D; ð9Þ
where
DijklðxÞ ¼ 18pð1 mÞ ½wðxÞ;klij  2mdkl/ðxÞ;ij
 1
8p
½/ðxÞ;kjdil þ /ðxÞ;kidjl þ /ðxÞ;ljdik þ /ðxÞ;lidjk:
ð10Þ
The above manipulation becomes of practical interest for the case
when the domain X is an ellipsoid with principal axes lying alongthe axes x1, x2, x3 of the coordinate system, and particularly for a
spherical inhomogeneity. In this case the potentials given by Eq.
(8) can be calculated explicitly and analytically. It is noted that
the eigenstrain is uniform for a spherical inclusion of radius a and
center xI ¼ xI1; xI2; xI3
 
with an uniform applied strain e1ij .
In the inclusion X :
/ ¼ 43pa2 32 12 r
2
a2
 
;
w ¼ 43pa4 34þ 12 r
2
a2  120 r
4
a4
 
;
ð11Þ
In the matrix D :
/ ¼ 43pa2 ar ;
w ¼ 43pa4 15 ar þ ra
 
;
ð12Þ
where
r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x1  xI1
 2 þ x2  xI2 2 þ x3  xI3 2q : ð13Þ
The Eshelby’s tensor Sijkl is obtained from Eqs. (10) and (11) such
that:
Sijkl ¼ DijklðxIÞ: ð14Þ
Thus, the Moschovidis solution (Moschovidis and Mura, 1975) per-
mits determination of eij and rij inside and outside the inhomogene-
ity. The above procedure can be easily generalized for more than
one inhomogeneity. Let n inhomogeneities, designed by subscripts
1;2; . . . ;n, be present in the matrix occupying the domains
X1,X2, . . . ,Xn. The presence of the inhomogeneities induces a self-
equilibrated elastic ﬁeld characterized by eij(x), such that the total
elastic ﬁeld due to the applied ﬁeld and the inhomogeneities is
e1ij ðxÞ þ eijðxÞ.
The ‘‘equivalent inclusion” method requires to determine the
eigenstrains for each inclusion, deﬁned in their respective domain,
from the condition that the induced strain ﬁeld by these eigen-
strains should be the same as the one induced by the inhomogene-
ities. The above condition is expressed by the equivalency
equations that the eigenstrains have to satisfy identically for every
point x. Assuming that the deformation is small and within the lim-
it of linear elasticity theory, the compatibility strain eij results from
the sum of the contributions of each inclusion k at the point x:
eijðxÞ ¼
Xn
k¼1
ekijðxÞ: ð15Þ2.3. Half-space solution
The three-dimensional contact problem involves to use a half-
space which is bounded by the surface plane x3 = 0 in the Cartesian
coordinate system (x1,x2,x3). It is then necessary to extend previ-
ous solutions, valid only for inﬁnite spaces, to inﬁnite half-spaces.
Zhou et al. (2009) introduced a fast method for solving the problem
of three-dimensional arbitrarily shaped inclusions in an isotropic
half-space. The solution can be obtained by decomposing the prob-
lem into three subproblems and utilizing the solution for a spher-
ical inclusion with uniform eigenstrain determined in an isotropic
half-space.
(1) An inclusion with an eigenstrain e ¼ e11; e22; e33; e12;

e13; e23Þ in an inﬁnite space.
(2) A symmetric inclusion with an eigenstrain es ¼ e11; e22; e33;

e12;e13;e23Þ in the same space.
(3) A normal traction distribution rn at the surface of the half-
space (x3 = 0) which is a function of eigenstrains e* and es .
The stress ﬁeld due to uniform eigenstrain within a spherical
inclusion surrounded by an inﬁnite elastic space has been given
in an integral form by Mura (1987). The summation of the two
solutions (1) and (2) generates only normal traction rn with no
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at the surface of the half-space leads to the creation of a free sur-
face. This pressure ﬁeld comes from the solution of r33 induced
by both inclusions.
The same approach will be used with many inhomogeneities.
The solution for multiple inhomogeneities into a domain meshed
with n1  n2  n3 cuboids can be obtained by summing up the con-
tribution of the eigenstrain produced by each inhomogeneity:rijðx1;x2;x3Þ¼
Xn31
x3¼0
Xn21
x2¼0
Xn11
x1¼0
Bijkl x1xk1;x2xk2;x3xk3
 
ekl x
k
1;x
k
2;x
k
3
 
þ
Xn31
x3¼0
Xn21
x2¼0
Xn11
x1¼0
Bijkl x1xk1;x2xk2;x3þxk3
 
eskl x
k
1;x
k
2;xk3
 

Xn21
x2¼0
Xn11
x1¼0
Mij x1xk1;x2xk2;x3
 
rn xk1;x
k
2;0
 
:
ð16ÞBijkl are the inﬂuence coefﬁcients that relate the stress rij at point
(x1,x2,x3) to the constant eigenstrain at the point xk1; x
k
2; x
k
3
 
which
is the inclusion center in an inﬁnite spaceBijklðxÞ ¼ CmijmnDmnklðxÞ for x in DX; ð17Þ
BijklðxÞ ¼ CmijmnðDmnklðxÞ  1Þ for x in X: ð18ÞFor a single inclusion centered at xk1; x
k
2; x
k
3
 
in the half-space the
normal traction rn at a surface point x01; x02;0
 
is obtained by:
rn x01; x
0
2
  ¼ B33kl x01  xk1; x02  xk2;xk3 ekl xk1; xk2; xk3 
 B33kl x01  xk1; x02  xk2; xk3
 
eskl x
k
1; x
k
2; x
k
3
 
: ð19Þ
Mij represent the inﬂuence coefﬁcients that relate the stress rij at
point (x1,x2,x3) to the normal traction rn within a discretized area
centered at xk1; x
k
2;0
 
. In Eq. (16), each component Mij() is obtained
by double integration of function Fij() over a discretized surface area
2Dx1  2Dx2 centered at xk1; xk2;0
 
, see Appendices A and BMij x1xk1;x2xk2;x3
 ¼Z xk1þDx1
xk1Dx1
Z xk2þDx2
xk2Dx2
Fij x1x01;x2x02;x3
 
dx01dx
0
2:
ð20ÞOne of problems encountered by Mura is the integration of this
third term while rn is a complex function related to the inﬂuence
of both inclusions on the stress r33 at the contact surface. Thus it
was easier to solve this integral with a particular case considering
hydrostatic eigenstrains. The inﬂuence of the pressure ﬁeld rn on
stresses can be quantiﬁed using inﬂuence coefﬁcient Fij of pressure
on stresses with numerical methods such as 2D-FFT. This method
constitutes a semi-analytical approach removing the restrictions
on the eigenstrains. The solution depends on the estimation of the
normal traction rn which is most likely accurate on the contact do-
main. The surface is extended in order to get a good accuracy on the
stress ﬁeld in the volume.
The ﬁrst and second summation terms in Eq. (16) are obtained
by a 3D discrete convolution and the third term by a 2D discrete
convolution in order to transform a triple summation into a simple
summation of convolution products. It is noted that a combination
of 3D and 2D-FFT algorithms can greatly reduce the computing
time and the storage space (Zhou et al., 2009). Hence this numer-
ical computation method can be performed on a ﬁne meshrijðx1;x2;x3Þ ¼ FFT1 dBijkl x1 xk1;x2 xk2;x3 xk3 cekl xk1;xk2;xk3  
þ FFT1 dBijkl x1 xk1;x2 xk2;x3þ xk3 cekl xk1;xk2;xk3  
 FFT1 dMij x1 xk1;x2 xk2;x3 crn xk1;xk2;0  :
ð21Þ2.4. Normal displacement of a point at the surface
Inserting the equivalent eigenstrain into the total strain, the
surface normal ‘‘eigen-displacement” can be calculated. Normal
displacements are produced by the pressure ﬁeld rn, while tangen-
tial displacements are produced by both inclusions and the pres-
sure ﬁeld. Only the normal displacements are obtained in this
work by:
u3ðx1; x2Þ ¼
Xn21
x02¼0
Xn11
x01¼0
Kn x1  x01; x2  x02
 
rn x01; x
0
2
 
: ð22Þ
The surface of interest is discretized into n1  n2 rectangular ele-
ments, each of which has a size of 2D x1  2Dx2. Pressure and dis-
placement of each discrete patch are treated as constant and their
values are given at the patch center. The effect of an uniform pres-
sure acting on a rectangular area has been analyzed in detail by
Love (1927) and Johnson (1985). Kn are the inﬂuence coefﬁcients
that relate the normal displacement at the surface point (x1,x2,0)
to the normal pressure rn at the surface point x01; x02; 0
 
, see Appen-
dix C.
The surface contact geometry is modiﬁed by adding the eigen-
displacement and the contact pressure and shears are updated.
The elastic displacements are calculated from the updated contact
pressure. Therefore, this algorithm is repeated until convergence is
obtained. A close-loop links the variations of the surface geometry,
contact pressure and total strain, and is repeated until the differ-
ence between the eigen-displacements of two following iterative
steps is less than the prescribed error. The ﬂowchart of the inclu-
sion part is shown in Fig. 1.
Note that for dissimilar elastic materials in frictional contact the
tangential displacements of the surface points, given elsewhere in
an analytical form by Fulleringer and Nélias (2010) for a cuboid of
uniform eigenstrain, should not be neglected any more.
2.5. Contact solver
The core of the contact solver is based on the pioneering work of
Jacq et al. (2002) who ﬁrst introduced the effect of inelastic strains
in a 3D contact algorithm based on semi-analytical methods. The
algorithm was ﬁrst applied to analyze an elastic–plastic contact
(Jacq et al., 2002; Sainsot et al., 2002) and later a thermal-elas-
tic–plastic contact (Boucly et al., 2005). Compared to the widely
used ﬁnite element method (FEM) this numerical technique has
two main advantages: ﬁrst robustness and second low memory
space required combined with an efﬁcient numerical procedure
that allows to solve transient 3D problem in less time than for a
2D problem by FEM. The contact solver may be also coupled with
FEM to account for the ﬂexibility of the structure and used as a
structural zoom when a ﬁner mesh is needed for the contact (Gal-
lego et al., 2010). The method has since been developed and im-
proved in several ways by the group of Nélias at INSA-Lyon
(Nélias et al., 2006, 2007; Gallego et al., 2006, 2010; Gallego and
Nélias, 2007; Antaluca and Nélias, 2008) and the group of Wang
and Keer at Northwestern University (Liu and Wang, 2005; Liu
et al., 2007; Chen et al., 2008a,b, 2007; Chen and Wang, 2008,
2009; Chen et al., 2009; Wang et al., 2009) to account for various
plasticity models and tangential effects including running-in and
Fig. 1. Flowchart of the numerical procedure for the contact between heterogeneous bodies.
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(2009) who utilized a combination of three-dimensional and
two-dimensional fast Fourier transform algorithms to decrease
both the memory space allocated and the computing time. This
improvement of the numerical procedure allows a ﬁner discretiza-
tion and a larger number of computation steps to be used.
2.6. Model validation
Mindlin and Cheng (1950) have found analytically the thermo-
elastic ﬁeld due to a homogeneous sphere by using the method of
potentials (MacMillan, 1930). Let X be a sphere of radius a = 0.5c
with center at (0,0,c) in a half-space. The thermoelastic strain is
expressed as eij = aTdij where a and T are the thermal expansion
coefﬁcient and temperature, respectively; d is the Kronecker sym-
bol i.e. dij = 1 when i = j and dij = 0 otherwise. The inclusion is as-
sumed to have uniform dilatation eigenstrain eij.
A comparison between the analytical solution of Mindlin and
Cheng (1950) and the present numerical solution for a spherical
inclusion with uniform dilatation eigenstrain is given in Fig. 2.
Stresses are normalized by r0 = EaT/3(1  m). A very good agree-
ment is found which in turn validates the numerical model and
proves the efﬁciency of the proposed method. In Fig. 2(a), the com-
ponent rxx is found continuous across the interface inclusion/ma-
trix, satisfying the stress continuity condition at the interface.
Conversely the two other components ryy and rzz are found dis-
continuous across the interface. In Fig. 2(b), the component rzz is
continuous across the interface. The two other components rxx
and ryy are identical and discontinuous across the interface.
3. Application to the frictionless indentation of an elastic half-
space containing multiple heterogeneous inclusions
The method may be applied to nano-indentation, as schemati-
cally shown in Fig. 3. In this section, the Young’s modulus and Pois-son’s ratio of the matrix are chosen as Em = 210 GPa and mm = 0.3,
respectively. The indenter is rigid with a radius R of 105 lm. The
maximum load P is 650 mN. For the homogeneous half-space, this
load leads to a contact radius a = 6.05 lm and a maximum contact
pressure P0 = 8469 MPa. Note that in what follows the parameter a
denotes now the contact radius and r the inclusion radius (in the
previous section w/o contact problem a denoted the inclusion ra-
dius as in Mindlin and Cheng (1950)).
To the author knowledge this type of contact problem has not
been solved explicitly in the published literature. The pressure dis-
tribution is usually assumed Hertzian; see for example Kabo and
Ekberg (2002, 2005), or Courbon et al. (2005). Such an assumption
could be made if the inclusion is located far from the surface. How-
ever, it will be shown here that the contact pressure distribution
may be signiﬁcantly modiﬁed by the presence of inhomogeneities
close to the surface, which subsequently affect the subsurface
stress distribution.
The effect of different parameters of the inhomogeneities was
ﬁrst investigated: their Young’s modulus, Poisson’s ratio, and ra-
dius. The test grid Table 1 summarizes the different arrangements
chosen to study the inﬂuence of each parameter.
A cluster of spherical inhomogeneities is considered in a ﬁrst
example. The inhomogeneities are equally spaced into a domain
constituted of 84  84  31 cuboids such as the space between the
inclusioncenters isDx = Dy = Dz = 0.27aas shown in Fig. 4. This con-
ﬁguration includes 484 inclusions and the edge of a cuboid (mesh) is
0.2 lm. The radius of the inclusions is r = 0.6 lm = 0.1  a. Thus the
total volumeof inhomogeneities takes up 22% of the domain. The ra-
tio of the inclusion Young’s modulus to the matrix one is deﬁned by
the dimensionless parameter c = Ei/Emwhereas the Poisson’s ratio is
set constant mI = 0.3.
Fig. 5 presents the dimensionless contact pressure distribution
for various Young’s modulus ratios c ranging from 0 to 2. The con-
tact pressure and x and y-coordinates are normalized by the Hertz
pressure Po and contact radius a, respectively, which is the solution
Fig. 2. Comparison between the analytical solution of Mindlin and Cheng (1950) and the present numerical solution for a spherical inclusion. Dimensionless stress along the
x0-axis (a) and the z-axis (b).
P
R
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x
z
y
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Fig. 3. Normal loading of a half-space containing multiple inclusions.
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pressure distribution for a cluster of homogeneous inclusions (i.e.
inhomogeneities with c = 1) is equivalent to that of the homoge-
neous half-space (without inhomogeneity) which is the Hertz
solution.Fig. 6 shows the dimensionless pressure proﬁle in the plane y = 0
for various ratios c. It can be observed that, when the inclusion is
softer than the half-space, i.e. c < 1, the substrate material sur-
rounding the inclusions becomes more compliant and the contact
pressure gets smaller than the Hertzian pressure whereas the con-
tact area increases. When the inclusions are stiffer than the matrix,
the contact pressure exhibits peaks of magnitude higher than the
solution without inclusion, and the contact area slightly decreases.
The maximum of the dimensionless contact pressure and von
Mises stress are shown in Fig. 7 as function of the c ratio. It can
be seen that, when both Poisson’s ratios equal 0.3, the maximum
of the dimensionless contact pressure increases with the inclusion
stiffness when the inclusions are stiffer than the matrix (c > 1),
whereas it remains almost constant and slightly lower than the
homogeneous solution when inclusions are softer (c < 1). An in-
crease of more than 22% of the maximum contact pressure is found
in this example when the Young’s modulus of inhomogeneities is
twice that of the matrix. Conversely the minimum of the dimen-
sionless contact pressure decreases when decreasing the c ratio
for inclusions softer than the matrix, whereas it remains almost
constant and slightly higher than the homogeneous solution for
stiffer inclusions (see Fig. 6). Regarding the maximum von Mises
stress, it is observed in Fig. 7 that either decreasing or increasing
the inhomogeneity stiffness from the homogeneous solution in-
Table 1
Different conﬁgurations to study the inﬂuence of each inclusion parameters.
Inclusion
parameter
Discretization
mesh (cuboids)
Young’s modulus
ratio
Poisson’s ratio Radius r Arrangement
Young’s modulus 84  84  31 Variable 0 6 c 6 2 m = 0.3 r = 0.1a 3D-uniform distribution (484 inclusions)
Inclusion radius 84  84  31 c = 2 m = 0.3 Variable 0:03 6 ra 6 1:33 One inclusion in two depth conﬁgurations
Poisson’s ratio 84  84  31 c = 0.5, c = 2 Variable 0 6 m 6 0.45 r = 0.1a 3D-uniform distribution (484 inclusions)
Depth 84  84  31 c = 2 m = 0.3 r = 0.13a 2D-uniform distribution (49 inclusions)
x
ΔzΔx
0.17a
z
ySurface Contact
Fig. 4. Representation of the inclusion pattern in the (Oxz) plane.
Fig. 5. Contact pressure distribution for inhomogeneities of various stiffnesses (c = 0,0.5,1,2).
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stress reaches 0.94 for c = 2 (i.e. stiff inclusion) and 1.18 when
c = 0 (void). Note that the maximum of the dimensionless von
Mises stress is found minimum for c = 1, i.e. r/Po = 0.62, which
corresponds to the Hertzian or homogeneous solution at depth
z/a = 0.481.The effect of a single spherical inhomogeneity located near the
surface and with its center lying along the axis of symmetry as
shown in Fig. 8 is now investigated. As shown schematically two
situations can be encountered. In Fig. 8(a) one point of the inhomo-
geneity surface is always tangent to the contact surface and the
center of the inhomogeneity is located at (0,0, r). In Fig. 8(b) the
Fig. 6. Contact pressure proﬁle for inhomogeneities of various stiffnesses (c = 0–2).
Fig. 7. Maximum dimensionless contact pressure and von Mises stress vs. the ratio c = Ei/Em.
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(0,0,h = 0.5  a) which is close for a circular contact with homoge-
neous material to the point where the von Mises stress is found
maximum. Note that in the current example the Poisson’s ratios
and the Young’s modulus ratio are m = 0.3 and c = 2, respectively.
Fig. 9 presents the proﬁle of the dimensionless contact pressure
in the plane y = 0 for different inclusion radii when they are
tangent to the surface, see Fig. 8(a). The same proﬁle is shown in
Fig. 10 when the inclusion center remains ﬁxed, see Fig. 8(b). It
is obvious that the presence of an inhomogeneity in the vicinity
of the contact strongly affects the contact pressure distribution.For inclusions tangent to the contact surface effects are signiﬁcant
even for small radius; r = 0.03  a implies an increase of the con-
tact pressure of nearly 25%. For inhomogeneities located at the
Hertzian depth the effect on the contact pressure becomes signiﬁ-
cant for r = 0.17  a and larger radius. Fig. 11 shows the maximum
dimensionless contact pressure and von Mises stress for different
values of radius r for conﬁgurations (a) and (b) in Fig. 8. For conﬁg-
uration (a), the maximum contact pressure is found maximum and
equal to Pmax = 1.75  Po for r = 0.17  a, whereas the maximum
von Mises stress is found for 0.33  a < r < 0.67  a. For conﬁgura-
tion (b) i.e. when the inclusion center is maintained ﬁxed, one ob-
hr
(g,n)
(g,n)
x
z
y
P(x,y) P(x,y)
(a) (b)
Fig. 8. Schematic representation of two conﬁgurations to study the inﬂuence of the
inhomogeneity of various radius r. Note that the size of the inclusion relatively to
the contact radius is magniﬁed for visibility. (a) The inhomogeneity is always
tangent to the surface then the location of its center is varying and (b) the center of
the inhomogeneity is ﬁxed at depth h = 0.5  a.
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stress with the radius of the inhomogeneity. A soft inclusion will
lead to a reduction of the contact pressure in a similar manner.
When several inhomogeneities are present the solution may be
affected by the interactions between them. Fig. 12 shows the dis-
tribution of the contact pressure for a cluster of spherical inhomo-
geneities. Here all neighboring inclusions of same radius
r = 0.17  a are tangent to the contact surface. It is observed that
the maximum of the contact pressure (Pmax = 1.65  Po) becomes
slightly lower compared to the case of a single inhomogeneity
(Pmax = 1.75  Po) whereas the maximum of the von Mises stress
slightly increases from rmax = 0.92  Po to rmax = 0.99  Po.
The effect of the Poisson’s ratio is now analyzed. A cluster of
spherical inhomogeneities equally spaced within a domain com-Fig. 9. Contact pressure proﬁle in the plane y = 0 for an inhomogeneity (m = 0posed of 84  84  31 cuboids such that the inclusion centers is
Dx = Dy = Dz = 0.27a is considered, giving 484 inclusions. The size
(edge) of each cuboid is 0.2 lm. The radius of the inclusions is
r = 0.6 lm = 0.1  a. Thus the inhomogeneities take up 22% of the
volume within the domain of interest (no inclusion is considered
far away from the contact). Fig. 13 shows the dimensionless max-
imum of the contact pressure and von Mises stress with different
Poisson’s ratios for relatively compliant (c = 0.5) and stiff inhomo-
geneities (c = 2). For stiff inclusions (c = 2), the maximum of the
contact pressure is not too much inﬂuenced by the variation of
the Poisson’s ratio except for nearly incompressible ones
(m = 0.45) that produces an increase of the contact pressure of
nearly 28% on the top of each of them. Meantime the maximum
von Mises stress decreases continuously when the Poisson’s ratio
increases. For relatively soft inclusions (c = 0.5) the maximum con-
tact pressure is independent of the Poisson’s ratio – in fact only the
minimum of the pressure distribution is inﬂuenced, see Fig. 14.
More surprisingly, it can be observed that, in term of von Mises
stress, the worst situation for a soft inclusion is when they are
nearly incompressible (r/Po = 1.09 for m = 0.45).
The effect of the depth h of a horizontal plane of inhomogenei-
ties is now investigated. A set of 49 inclusions equally spaced in a
zone composed of 84  84 cuboids is considered such as the dis-
tance between inclusion centers is Dx =Dy = 0.37a. The edge of a
cuboid is 0.2 lm. The inhomogeneities with Young’s modulus ratio
c = 2 and Poisson’s ratio m = 0.3 have a radius r = 0.8 lm = 0.13  a.
Fig. 15 shows the effects of the plane depth on the contact pressure
proﬁle in the plane y = 0. The pressure ﬂuctuation becomes signif-
icant when the inclusions are located at a depth lower than 0.3  a,
and reaches a maximum when they are tangent to the contact sur-
face (i.e. for h = 0.87  a). Fig. 16 shows the inﬂuence of the depth h
where inhomogeneities are located on the maximum contact pres-
sure and von Mises stress. Obviously the inﬂuence of inhomogene-
ities on the contact pressure diminishes as the inhomogeneities
move away from the contact surface. When h/a > 0.4, the effect of
the inhomogeneities on contact pressure becomes insigniﬁcant
and the distribution of contact pressure converges to the solution.3 and c = 2) of different radii and tangential to the surface, cf. Fig. 8(a).
Fig. 10. Contact pressure proﬁle in the plane y = 0 for an inhomogeneity (m = 0.3 and c = 2) of different radii at depth h = 0.5  a, cf. Fig. 8(b).
Fig. 11. Maximum contact pressure and von Mises stress vs. the inclusion radius.
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when the inclusions are tangent to the surface (c = 2,m = 0.3). Note
that the maximum von Mises stress is found for h/a ﬃ 0.5 which is
coherent with the Hertz solution. To look more closely on how
nearby inclusions interact only two of them will be now
considered.
The interaction between inhomogeneities is another factor that
signiﬁcantly affects the location and magnitude of the maximum
von Mises stress. It can be noted that the interaction can be ne-
glected when the spacing between the center of two close inclu-sions becomes larger than four times their radius. The inﬂuence
of neighboring inclusions is studied here by considering two spher-
ical inclusions in the elastic half-space as shown in Fig. 17, one of
them (inclusion numbered 1) being lying along the z-axis which is
the axis of symmetry normal to the circular contact area. The inho-
mogeneities have the same Poisson’s ratio m = 0.3 and the same ra-
dius r = 0.13  a. The centers of two inhomogeneities are separated
by a distance d. The variable d is formulated through the dimen-
sionless distance b such as b ¼ d2rr . b = 0 means that the two inclu-
sions are in contact (b 2 [0,1[).
Fig. 12. Distribution of the contact pressure for a cluster of spherical inhomoge-
neities tangent to the contact surface.
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tions of Young’s modulus relatively to the matrix, i.e. c1 = 0.5 and 2
and c2 = 0, 0.5, and 2. Here the inclusions are separated by the dis-
tance b = 0.25 at the depth h = 0.23  a. For reference, the Hertzian
solution is also plotted. It is shown that, independently of the stiff-
ness of the ﬁrst inhomogeneity, the peak or dip of the contact pres-
sure on the top of this ﬁrst inhomogeneity is hardly affected by the
presence of a second one when located in the same horizontal
plane, including when inclusions are relatively close (here
b = 0.25). It could be concluded that the effect of neighboring inclu-
sions on the contact pressure above a ﬁrst one is quite limited,
when they are located at the same depth. Conversely an alignment
of inclusions along the vertical direction will affect the pressure
distribution on the top of the stringer.
The mismatch of material properties could induce sliding fail-
ure at the interface between the inclusions and the matrix. The re-
gion where the maximum shear stress is located could also give
birth to fatigue cracks. Fig. 19 shows the inﬂuence of the spacing
between the two inclusions located at depth h = 0.23  a for differ-
ent ratios of their Young’s modulus normalized by the matrix value
(c1,c2) on the maximum shear stress evaluated at point P located atFig. 13. Maximum contact pressure and von Mcoordinates (r,0,0.23  a). For comparison, the maximum shear
stress for a single inclusion is also included in the form of a dash
line. It is shown that the maximum shear stress starts to be signif-
icantly affected when the dimensionless spacing b is lower than 3.
Note that, when both a soft and a stiff inclusion are present, the
shear stress decreases and increases near the soft and stiff inclu-
sion, respectively. It can be also noticed that the maximum shear
stress tends to increase at point P when two inclusions softer than
the matrix become closer. Conversely the maximum stress is re-
laxed near the inclusion interface when both interacting inclusions
are stiffer than the matrix. Finally the worst situation is found in
presence of voids or cavities (c = 0), particularly when they are lo-
cated near stiff inhomogeneities (sm/Po = 0.54 for b = 0.25, c1 = 2
and c2 = 0, see right plot in Fig. 19).
It should be recalled that for a circular point contact the maxi-
mum shear stress is located at depth h = 0.5  a (0.48  a accu-
rately), whereas the two interacting inclusions have been
previously located at depth h = 0.23  a only in order to strongly
affect the contact pressure distribution which is no more Hertzian.
Fig. 20 shows similar results as in Fig. 19 except that the two inclu-
sions are now located at depth h = 0.5  a and the stress given at
point P0 located at the coordinates (r,0,0.5  a). It is found that,
when 3 < d/r < 5 and for two inclusions softer than the matrix,
the magnitude of the maximum shear stress increases slightly
compared to the case of a single inclusion. When d/r < 3 (i.e.
b < 1), the soft inclusion relaxes the surrounding material and re-
duces the magnitude of maximum shear stress. On the other hand,
the effect of stiff inclusion could cause the maximum shear stress
to increase as the distance between the inclusions decreases. The
very different behaviors of the interactions between two close
inhomogeneities as plotted in Figs. 19 and 20 could be explained
ﬁrst by the contact pressure distribution on the top of inclusions.
It should be mentioned that the sharp strain gradient at the
interface between the inclusion and the matrix as pointed out by
Benedikt et al. (2006) is not considered by the Eshelby’s equivalent
inclusion method. It affects a very small volume in the vicinity of
the interface that may modify the solution for interacting inclu-
sions when they are very close each other. The compatibility strain
concentrated in the zone very close to the interface, generating
high strain gradient, has been recently studied by Benedikt et al.ises stress vs. the inclusion Poisson’s ratio.
Fig. 14. Proﬁle of the contact pressure in the plane y = 0 for soft or stiff inhomogeneities for various inclusion Poisson’s ratio (mm = 0.3).
Fig. 15. Proﬁle of the contact pressure in the plane y = 0 for a set of 49 inhomogeneities equally spaced in a horizontal plane at depth h.
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interacting spherical inclusions, using a Taylor series expansion to
ﬁnd the approximate solution of equivalent method equations
with constant, linear, or quadratic eigenstrains. They concludedthat the quadratic expansion order of the constrained strain and
eigenstrains allows to reduce the error between the equivalent
inclusion method and the ﬁnite element solution for two close
inhomogeneities. This development has not yet been included in
Fig. 16. Maximum contact pressure and von Mises stress as a function of the depth where inclusions are located.
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Fig. 17. Representation of two inhomogeneities in the elastic half-space.
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work.
4. Conclusion
This paper presents the main features of a fast semi-analytical
three-dimensional method to treat the contact problem for aFig. 18. Proﬁle of the contact pressure on the top ofhalf-space containing multiple inhomogeneities. Analytical Eshel-
by solutions have been implemented in the contact solver to ac-
count for spherical inhomogeneities. It can be seen as a method
to enrich the classical homogeneous solution of the contact prob-
lem. This technique is highly efﬁcient in terms of computing time.
The numerical results given underline that most of the time it is
not correct to assume a Hertzian pressure distribution for the con-
tact problem in presence of soft or stiff inhomogeneities near the
contacting surface, since the pressure distribution may exhibits
peak of pressure with a magnitude up to 1.75 times the Hertz solu-
tion. The peaks of pressure are located above stiff inhomogeneities
while soft ones produce a local decrease of the contact pressure
compared with that for the homogeneous half-space. The Poisson’s
ratio is also an important parameter which could increase signiﬁ-
cantly the contact pressure on the top of inhomogeneities when
they tend to be incompressible (for example a cavity ﬁlled with a
liquid). It is also noted that stiff inhomogeneity acts to toughen
the surrounding material and reduce subsurface stress at the inclu-
sion-matrix interface. This phenomenon is ampliﬁed when thetwo inclusions of various stiffnesses (c1 and c2).
Fig. 19. Maximum shear stress at point P of coordinate (r,0,0.23  a) as a function of the spacing between the two inclusions located at depth h = 0.23  a.
Fig. 20. Maximum shear stress at point P0 of coordinate (r,0,0.5  a) as a function of the spacing between the two inclusions located at depth h = 0.5  a.
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given below:
1. The pressure ﬂuctuation becomes signiﬁcant when the inclu-
sions are located at a depth h lower than 0.3  a, a being the
Hertz contact radius, and reaches a maximum when they are
tangent to the contact surface. When h/a > 0.4, the effect of
the inhomogeneities on the contact pressure becomes insignif-
icant and the distribution of contact pressure converges to the
solution of homogeneous half-space.
2. For stiff inhomogeneities of Young’s modulus two times the
matrix one (c = 2), and Poisson’s ratio of 0.3 also identical to
those of the matrix, the peak of pressure may reach up to
1.75  Po, Po being the Hertz contact pressure, when the inclu-
sions are tangent to the surface.3. The contact pressure on the top of an inhomogeneity is hardly
affected by neighbours ones when they are located in the same
plane parallel to the contact surface, including when they are
very close.
4. The Poisson’s ratio of the inhomogeneities has a strong inﬂu-
ence on the pressure distribution when it tends to the incom-
pressible case (m = 0.5).
5. The presence of a soft inclusion close to a stiff one signiﬁ-
cantly increases the local stress nearby the hard inclusion.
A concentration factor of nearly 2 (sm/Po = 0.54 for b = 0.25,
c1 = 2 and c2 = 0) can be found when a void is located
nearby a stiff one (c = 2) at mid-way (z = 0.23  a) between
the Hertzian depth (z = 0.48  a) and the surface, compared
to the homogeneous Hertz solution (sm/Po = 0.3 at z =
0.48  a).
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unit normal force at the surface origin (Fij)
F11ðx1; x2; x3Þ ¼ 12p
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x21 þ x22 þ x23
q
;
with m, the Poisson’s ratio of the isotropic half-space.Appendix B. Stresses in a half-space subject to normal pressure
(Mij)
An isotropic half-space is subjected to an uniform normal pres-
sure rn in a discretized surface area of 2Dx1  2Dx2 at the center
point P x01; x
0
2;0
 
. The stress at an observation point Q(x1,x2,x3) is
given by Zhou et al. (2009) and Johnson (1985):
rijðx1;x2;x3Þ ¼Mij x1 x01;x2 x02;x3
 
rnðx1;x2Þ;
rijðx1;x2;x3Þ ¼ rn2p
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þhijðn1Dx1;n2Dx2;n3Þhijðn1Dx1;n2þDx2;n3Þ
" #
;
ðB1Þ
where
ni ¼ xi  x0i:
The functions hij() in Eq. (B1) are deﬁned by
h11ðx1; x2; x3Þ ¼ 2m tan1 x
2
2 þ x23  qx2
x1x3
þ 2ð1 mÞ tan1 q x2 þ x3
x1
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h12ðx1; x2; x3Þ ¼  x3q  ð1 2mÞ logðqþ x3Þ;
h13ðx1; x2; x3Þ ¼ x2x
2
3
q x21 þ x23
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h23ðx1; x2; x3Þ ¼ h13ðx2; x1; x3Þ;
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where
q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23
q
:Appendix C. Normal displacement at the interface subject to
normal pressure (Kn)
Consider the contact between a sphere and an elastic half-space
with elastic constants (E1,m1) and (E2,m2), respectively. The contact
surface x3 = 0 is discretized into rectangular surface areas of
2D1  2D2. The origin of the Cartesian coordinate system
(x1,x2,x3) is set to be the initial contact point. The normal displace-
ment at an observation point P(n1,n2,0) is related to the pressure
ﬁeld at the center Q ¼ n01; n02;0
 
by the function Kn
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc2 þ D2Þ2 þ ðc1  D1Þ2
q
0B@
1CA;
Kn4ðc1; c2Þ ¼ ðc2  D2Þ log
ðc1  D1Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc2  D2Þ2 þ ðc1  D1Þ2
q
ðc1 þ D1Þ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc2  D2Þ2 þ ðc1 þ D1Þ2
q
0B@
1CA;
ðC2Þ
where, c1 ¼ n1  n01 and c2 ¼ n2  n02.
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